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Abstract
We have identified an unusually stable helical coil
allotrope of phosphorus. Our ab initio Density
Functional Theory calculations indicate that the
uncoiled, isolated straight 1D chain is equally sta-
ble as a monolayer of black phosphorus dubbed
phosphorene. The coiling tendency and the attrac-
tion between adjacent coil segments add an extra
stabilization energy of ≈12 meV/atom to the coil
allotrope, similar in value to the ≈16 meV/atom
inter-layer attraction in bulk black phosphorus.
Thus, the helical coil structure is essentially as sta-
ble as black phosphorus, the most stable phospho-
rus allotrope known to date. With an optimum ra-
dius of 2.4 nm, the helical coil of phosphorus may
fit well and even form inside wide carbon nan-
otubes.
Elemental phosphorus has been known for
its unusual properties since its isolation as the
white phosphorus allotrope,1 a P4-based molec-
ular solid, in 1669. Other observed allotropes
include violet phosphorus,2,3 also known as Hit-
torf’s metallic phosphorus,4,5 rather common fi-
brous red phosphorus5,6 with an amorphous struc-
ture, and layered black phosphorus,7 known as
the most stable crystalline allotrope. Other bulk
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allotropes, including blue phosphorene, have been
predicted8 and subsequently synthesized.9 Other
structures of elemental phosphorus, which have
been studied, include Pn clusters10–12 and atom-
ically thin P helices, which have been identified
as constituents13 in the complex structure of SnIP.
It thus appears quite possible that still more al-
lotropes may be synthesized in the future.
We report here theoretical results that identify
an unusually stable helical coil allotrope of phos-
phorus. Our ab initio Density Functional The-
ory calculations indicate that the uncoiled, isolated
straight 1D chain is equally stable as a monolayer
of black phosphorus dubbed phosphorene. The
coiling tendency and the attraction between adja-
cent coil segments add an extra stabilization en-
ergy of ≈12 meV/atom to the coil allotrope, sim-
ilar in value to the ≈16 meV/atom inter-layer at-
traction in bulk black phosphorus. Thus, the he-
lical coil structure is essentially as stable as black
phosphorus, the most stable phosphorus allotrope
known to date. With an optimum radius of 2.4 nm,
the helical coil of phosphorus may fit well and
even form inside wide carbon nanotubes.
Equilibrium structure and sta-
bility results
The unusually stable structure of a P10 cluster and
its suitability to link up to an infinite 1D chain
was discovered while developing and testing a Ge-
netic Algorithm optimization technique for phos-
phorus clusters based on a tight-binding formal-
ism.14 The optimum structure of a P10 unit cell
in a straight 1D chain, which resembles a narrow
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Figure 1: (Color online) (a) Optimum structure of an isolated, straight 1D P∞ chain with th P10 unit cell
of length L. (b) Optimized P18, P28 and P38 segments of the isolated chain, indicating the tendency to
form rings with a radius R≈2.4 nm. (c) The optimum structure of a single coil. (d) Optimum structure of
a 2D assembly of P∞ chains separated by the distance d. (e) Possible scenario for the formation of helical
coils by connecting finite-length chain segments inside a cylindrical cavity. The unit cells are indicated
by dashed lines in (a) and (d).
tube with a pentagonal cross-section, is shown in
Fig. 1(a). We notice a structural similarity with fi-
brous red5,6 and violet phosphorus2–5 structures,
which also contain P10 subunits in the interlinked
chains. The postulated chain structure is also sim-
ilar to P nanorods15,16 and P tubes17 observed in
the AgP15 compound. Our DFT-PBE calculations
indicate a binding energy Ecoh = 3.274 eV/atom
for the postulated P10 structure with respect to
spin-polarized P atoms. This value is only neg-
ligibly larger than that of a monolayer of black
phosphorus, known as the most stable phosphorus
allotrope, with Ecoh = 3.273 eV/atom.
Finite chain segments, shown in Fig. 1(b), dis-
play a tendency to form coils with an average
radius of 2.4 nm. We find this coiling, which
had been identified earlier,10,18 to be associated
with an energy gain of 6 meV/atom (PBE) and
9 meV/atom (LDA). Assuming that an ordered
P∞ system may form by connecting finite Pn seg-
ments end-to-end, the resulting equilibrium struc-
ture will be a helical coil, depicted in Fig. 1(c). On
a per-atom basis, the elastic strain ∆E in the coil is
shown in Fig. 2(a) as a function of radius R. The
data points are well represented by
∆E =
1
2
k
(
1
R
− 1
Req
)2
, (1)
where Req is the equilibrium radius. This expres-
sion describes the local strain energy in a finite-
length 1D beam thought to be initially aligned
with the x−direction and deformed to a circular
arc of radius R in the xz−plane. The local strain
is σ = d2uz/dx2 = 1/R. Should not a straight,
but rather a bent beam of radius Req represent the
equilibrium structure, then the local strain would
be σ = d2uz/dx2− 1/Req = 1/R− 1/Req. Equa-
tion (??) describes the corresponding local strain
energy.19 We find k= 7.2 eVÅ2 for the rigidity of
the elastic beam and Req = 24 Å for the optimum
radius of curvature based on PBE. The LDA val-
ues of k = 7.5 eVÅ2 and Req = 21 Å are in fair
agreement with the PBE values.
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Figure 2: (Color online) (a) Strain energy ∆E per
atom as a function of the radius R of an isolated
P coil. (b) Inter-chain interaction energy ∆E per
atom in a 2D assembly of phosphorus chains, de-
picted in Fig. 1(d), as a function of the inter-chain
distance d. (c) Interaction energy ∆E per phospho-
rus atom between a P chain and a graphene mono-
layer as a function of the adsorption height h. PBE
results are shown by the solid red lines, LDA re-
sults by the dashed blue lines.
Same as in the infinite chain, the stability of
the helical coil is dominated by the covalent inter-
atomic bonds, which are described well by DFT
calculations. The coil is further stabilized by the
weak attraction between neighboring strands that
is similar in nature to the inter-layer attraction
in bulk black phosphorus. As shown in supe-
rior Quantum Monte Carlo (QMC) calculations of
the latter system,20 the fundamental nature of the
inter-layer interaction is rather non-trivial, differ-
ent from a van der Waals interaction, and not re-
produced well by DFT functionals with or with-
out van der Waals corrections. When compared
to the more accurate QMC value of 81 meV/atom,
the LDA value of 94 meV/atom overestimates and
the PBE value of 16 meV/atom underestimates the
inter-layer interaction in bulk black phosphorus.
We also notice the large ratio of 5− 6 between
PBE and LDA values for the weak inter-layer in-
teraction. Extrapolating what is known about the
interlayer interaction in black phosphorus to the
inter-chain interaction in a 2D assembly of chains
of Fig. 1(d) or the related wall of the helical coil in
Fig. 1(c), we expect that PBE will also underesti-
mate and LDA overestimate the value of this weak
interaction.
In view of the fact that the optimum coil radius
is much larger than the chain thickness, the wall
of the infinite helical coil in Fig. 1(c) is well rep-
resented by a 2D assembly of chains of Fig. 1(d).
We found that the most stable 2D arrangement is
one with AB stacking of chains. The inter-chain
interaction energy ∆E is displayed as a function
of the inter-chain distance d in Fig. 2(b). As an-
ticipated above, we expect a large difference be-
tween PBE and LDA interaction energies. We ob-
tain the optimum distance deq = 7.3 Å and the
interaction energy ∆E = 5.3 meV/atom based on
PBE. LDA suggests a smaller separation deq =
6.5 Å and a much larger interaction energy ∆E =
30.8 meV/atom. While still small, the LDA inter-
action energy is roughly five times higher than the
PBE value.
Likely synthesis scenario
Postulating a new allotrope is of limited use with-
out a plausible formation scenario. We note that
previously, the void inside carbon nanotubes has
been successfully filled by sublimed C60 fullerenes
that eventually fused to an inner nanotube.21
Similarly, functionalized diamondoid molecules
were observed to enter the nanotube void, where
they converted to carbon chains22 or diamond
nanowires.23 Inspired by these results, we feel that
the most suitable scenario to form a helical coil
phosphorus allotrope involves a cylindrical cavity,
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Figure 3: (Color online) Electronic structure of
(a) an isolated P chain and (b) a 2D layer of P
chains, shown in Figs. 1(a) and 1(d). Left panels
depict the electronic band structure based on PBE
and the middle panels the corresponding density
of states. The Brillouin zone is shown as inset of
the left panel in (b). The right panels depict the
charge distribution associated with frontier states
in the valence band region, indicated by the green
hashed region in (a) and (b), which extends from
EF to 0.2 eV below the top of the valence band.
Charge density contours are superposed to struc-
tural models, with the unit cells indicated by the
dashed lines. Due to differences in the density of
states between these systems, the contours are pre-
sented at the electron density 0.008 e/Å3 in (a) and
0.002 e/Å3 in (b).
shown in Fig. 1(e).
Suitable cavities with an optimum inner diame-
ter of few nanometers may be found in zeolites or
in nanotubes of carbon, BN and other materials.
The phosphorus feedstock could be white, red or
violet phosphorus that had been sublimed in vac-
uum, under exclusion of air. The sublimed species
would likely be finite-chain segments, shown in
Fig. 1(b), which may enter at the open end and
benefit energetically from the interaction with the
inner wall of the cavity. As seen in Fig. 2(c), where
we consider the related system of an isolated chain
on graphene, this interaction is weak and similar
in nature to the inter-chain interaction in Fig. 2(b).
The optimum arrangement is found by inspecting
the adsorption energy ∆E as a function of height
h in Fig. 2(c). For the optimum geometry, we find
∆Eeq = 9 meV per P atom at heq = 3.9 Å based on
PBE and ∆Eeq= 44 meV per P atom at heq= 3.3 Å
based on LDA. We notice here again the adsorp-
tion energy ratio of ≈5 between LDA and PBE re-
sults, consistent with our other results.
Once inside and near the wall of the cylindri-
cal cavity, finite Pn chain fragments will benefit
energetically from an end-to-end connection that
eliminates open ends. The number of atoms in the
finite circular arc, preferentially oriented along the
perimeter of the inner cavity, will grow. At the
elevated temperatures of subliming phosphorus,
the growing Pn ring fragments are very unlikely
to interconnect with corresponding segments that
contain exactly the right number of atoms, which
would complete a ring at the optimum distance to
the wall. Much more likely, the last segment to
join before possible ring closure will be too long
and start the formation of a helical coil. Since
transformation of the coil to one or more adjacent
rings would require bond breakage within the coil,
it is unlikely to happen.
Electronic structure results
The electronic structure of the new allotrope, sim-
ilar to that of phosphorene, is of utmost interest.24
Our PBE results for the related phosphorus chains
and their 2D assemblies are shown in Fig. 3. As
seen in Fig. 3(a), the P∞ chain has a direct funda-
mental band gap of 2.03 eV at X . Similarly, also
the 2D chain assembly has a direct band gap of
1.82 eV at X as seen in Fig. 3(b). Based on what
is known theoretically and experimentally about
few-layer phosphorene,24 the PBE band gap val-
ues are strongly underestimated in comparison to
the experiment.
In view of the fact that phosphorus is typically
p−doped, we are also interested in the nature of
the frontier states in the valence band region. We
plotted the charge distribution of these states, cov-
ering the energy range between EF and 0.2 eV be-
low the top of the valence band, in the right panels
of Fig. 3. Similar to what is known about black
4
phosphorus, we observe lone-pair electron states
in the isolated chain in Fig. 3(a) that contributes to
the electronic inter-chain coupling modifying the
band structure, as seen in Fig. 3(b). This demon-
strated influence of the inter-chain coupling on the
electronic structure is a clear evidence that the in-
teraction differs from a purely van der Waals inter-
action, similar to black phosphorus.20
Discussion
In view of the relatively low beam rigidity of the
coiling chain, we expect the coils to adjust their
radius freely for the optimum fit inside cylindrical
cavities. The ability of the helical coil strands to
slide past each other allows the helix to adjust to a
changing cavity diameter. In view of the favorable
inter-chain interaction of 16 meV/atom for an AB
stacking in the radial direction, with an optimum
inter-chain distance of 0.6 nm based on PBE, we
consider it quite possible for a second helix form-
ing inside the outer helix. Considering an outer
helical coil at its equilibrium radius Rout = 2.4 nm,
the inner coil should have a radius of Rin≈1.8 nm.
In PBE, the strain energy in the inner structure of
< 1 meV/atom according to Fig. 2(a) is negligi-
bly small when compared to the additional inter-
chain interaction energy of 16 meV/atom. We may
even imagine additional helices forming inside the
double-helix structure. In view of the low beam
rigidity of the chain and the large inter-chain in-
teraction, a structure consisting of nested coaxial
coils should be even more stable than bulk black
phosphorus, the most stable phosphorus allotrope
known to date.
As suggested by the end-on view of a chain
in Fig. 1(a), the cross-section of the helical coil
should appear as lines of pentagons near the
walls and along the axis of the cylindrical cavity
in Transmission Electron Microscopy (TEM) im-
ages. This is very similar to recently observed
TEM data.25 We can imagine left- and right-
handed helical coils forming simultaneously and
coexisting inside a suitable cylindrical cavity.
As a structural alternative, a black phosphorus
monolayer may also roll up to a tube inside a car-
bon nanotube with a 2.4 nm radius. Assuming
an inter-wall distance of 0.5 nm, the radius of the
phosphorene nanotube should be R≈1.9 nm, and
its strain energy should be ≈8.6 meV/atom if bent
along the soft direction to become an armchair
P nanotube, or 42.1 meV/atom if bent along the
normal, harder direction.26 Thus, energetically, a
black phosphorus nanotube is not favorable. Also
a straight 1D phosphorus chain inside a nanotube
should be less stable by > 6 meV/atom than the
coiled structure. Thus, we find the coil to be more
stable than competing phosphorene nanotube and
straight chain structures. Also, assuming that the
new phase forms by sublimation of red phospho-
rus, it will more likely resemble structural ele-
ments of red P than the completely different black
P.
In layered black phosphorus, the observed bulk
band gap value of 0.35 eV is known to increase
to 2 eV in the monolayer due to the change in
the weak interlayer interaction. PBE calculations
underestimate the band gap significantly, suggest-
ing a value of 0.04 eV for the bulk and 0.9 eV
for the monolayer. We thus expect also the calcu-
lated band gap in isolated chains to lie below the
experimental value and to decrease due to inter-
chain interaction in 2D chain assemblies. In heli-
cal coils, a further reduction, which should further-
more depend on the coil radius, is expected due
to improved screening of the electron-hole interac-
tion. In view of this reasoning, it is not surprising
that our calculated band gap values lie rather close
to the value of 1.95 eV that has been observed in
fibrous red phosphorus.27
Further electronic structure changes induced by
coil deformation may open a wide range of appli-
cations. Similar to bulk black phosphorus, where
changes in the interlayer distance d modify the
band gap Eg significantly, we find that axial com-
pression of the coil also modifies the band gap.
At the optimum value 0.73 nm for the inter-coil
distance d, defined in Fig. 2(b), the gap is direct
and Eg = 1.8 eV according to Fig. 3(b). Reduc-
ing d to 0.6 nm turns the gap indirect and re-
duces its value to ≈0.8 eV. Further reduction to
d = 0.5 nm turns the coil metallic. Increasing the
inter-chain distance to d = 0.8 nm opens the gap
to Eg 2.0 eV, while maintaining its direct charac-
ter. Of course, these changes in the fundamental
band gap may only be exploited inside semicon-
ducting nanotubes, such as BN, which have even
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larger band gaps.
Conclusions
In conclusion, we have identified computationally
an unusually stable helical coil allotrope of phos-
phorus. Our ab initio Density Functional The-
ory calculations indicate that the uncoiled, isolated
straight 1D chain is equally stable as a monolayer
of black phosphorus dubbed phosphorene. The
coiling tendency and the attraction between adja-
cent coil segments add an extra stabilization en-
ergy of ≈12 meV/atom to the coil allotrope, sim-
ilar in value to the ≈16 meV/atom inter-layer at-
traction in bulk black phosphorus. Thus, the he-
lical coil structure is essentially as stable as black
phosphorus. In view of the low beam rigidity of
the chain and the large inter-chain interaction, a
structure consisting of nested coaxial coils should
be even more stable than bulk black phosphorus,
the most stable phosphorus allotrope known to
date. With an optimum radius of 2.4 nm, the heli-
cal coil of phosphorus may fit well and even form
inside wide carbon nanotubes. We find the coiled
P structure to be a semiconductor with a direct gap
exceeding 1.8 eV. The size and character of the
band gap can further be modified by small struc-
tural changes in the coil.
Methods
Global search for small structural fragments of
phosphorus was performed using Adaptive Ge-
netic Algorithms based on a tight-binding Hamil-
tonian with universal parameters.14 Suitable struc-
tural candidates were then optimized using ab
initio density functional theory (DFT) as im-
plemented in the SIESTA28 code to obtain in-
sight into the equilibrium structure, stability and
electronic properties of phosphorus structures re-
ported in the main manuscript. All isolated struc-
tures, including infinite 1D chains and bent chain
segments, have been represented using periodic
boundary conditions and separated by a 15 Å thick
vacuum region in all directions. We have used the
Perdew-Burke-Ernzerhof (PBE)29 or alternately
the Local Density Approximation (LDA)30,31
forms of the exchange-correlation functional,
norm-conserving Troullier-Martins pseudopoten-
tials,32 and a local numerical double-ζ basis in-
cluding polarization orbitals. The Brillouin zone
of periodic structures has been sampled by a fine
grid33 of 12×1×1 k-points for 1D structures and
12×8×1 k-points for 2D structures. We found
our basis, our k−point grid, and the mesh cutoff
energy of 180 Ry used in the Fourier represen-
tation of the self-consistent charge density to be
fully converged, providing us with a precision
in total energy of 2 meV/atom. All geometries
have been optimized using the conjugate gradient
method34 until none of the residual Hellmann-
Feynman forces exceeded 10−2 eV/Å.
Supporting Information Available: A movie
depicting schematically the formation mechanism
of a helical coil of phosphorus inside a cylindrical
cavity.
This material is available free of charge via the In-
ternet at http://pubs.acs.org/.
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